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1. Introduction
In the paper [1] the linear odd bracket corresponding to the SO(3) group and realized
solely on the Grassmann variables θα has been introduced (see also [2, 3, 4, 5])
{A,B}1 = A
←
∂ θα ǫαβγθγ
→
∂ θβ B, (α, β, γ = 1, 2, 3), (1.1)
where ǫαβγ is the completely antisymmetric Levi-Civita tensor,
←
∂ and
→
∂ are the right and
left derivatives and ∂θα ≡
∂
∂θα
. It was constructed for this bracket three Grassmann-odd
nilpotent ∆-like differential operators of the first, second and third orders with respect to
the Grassmann derivatives
∆+1 = ǫαβγθαθβ∂θγ , (1.2)
∆−1 =
1
2
ǫαβγθα∂θβ∂θγ , (1.3)
∆−3 =
1
3!
ǫαβγ∂θα∂θβ∂θγ . (1.4)
The operator ∆+1 is proportional to the second term in a BRST charge
Q = θαGα −
1
2
ǫαβγθαθβ∂θγ ,
where θα and ∂θα represent the operators for the ghosts and ghost momenta respectively
and Gα are generators of the SO(3) group. The operator ∆−1 related to the divergence of
the vector field {θα, A}1
∆−1A = −
1
2
∂θα{θα, A}1 (1.5)
is proportional to the true ∆-operator for the odd bracket (1.1). The operator ∆−1 (1.5)
determines the linear odd bracket (1.1) as a deviation of the Leibniz rule under the usual
multiplication
∆−1(A · B) = (∆−1A) ·B + (−1)
p(A)A ·∆−1B + (−1)
p(A){A,B}1 .
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and simultaneously satisfies the Leibniz rule with respect to the linear odd bracket com-
position
∆−1({A,B}1) = {∆−1A,B}1 + (−1)
p(A)+1{A,∆−1B}1,
where p(A) is a Grassmann parity of the quantity A.
In the present paper we show that the operator ∆−3 (1.4) is related with the Grassmann-
odd Nambu bracket [6] on the Grassmann algebra.
2. Odd Nambu bracket
By applying the operator ∆−3 (1.4) to the usual product of two quantities A and B, we
obtain
∆−3(A · B) = (∆−3A) ·B + (−1)
p(A)A ·∆−3B + (−1)
p(A)∆(A,B), (2.1)
where the quantity ∆(A,B) is
∆(A,B) =
1
2
ǫαβγ
[(
∂θα∂θβA
)
∂θγB + (−1)
p(A) (∂θαA) ∂θβ∂θγB
]
. (2.2)
By acting with the operator ∆−3 on the usual product of three quantities A, B and
C, we come to the following relation:
∆−3(A · B · C) = (∆−3A) ·B · C + (−1)
p(A)A · (∆−3B) · C + (−1)
p(A)+p(B)A · B ·∆−3C
+ (−1)p(A)∆(A,B)C + (−1)p(A)p(B)+p(A)+p(B)B∆(A,C)
+ (−1)p(A)+p(B)A∆(B,C) + (−1)p(B){A,B,C}1, (2.3)
where the last term is the Grassmann-odd Nambu bracket
{A,B,C}1 = ǫαβγ∂θαA∂θβB∂θγC (2.4)
on the Grassmann algebra.
The divergence of the Nambu bracket (2.4) is related with the quantity ∆(A,B) (2.2)
(see also [7])
∆(A,B) =
1
2
∂θα{θα, A,B}1, (2.5)
whereas the multiplication on the Grassmann variable θα gives the linear odd bracket (1.1)
{A,B}1 = θα{θα, A,B}1. (2.6)
Note also the following relation between the operator ∆−3 (1.4) and odd Nambu bracket
(2.4):
∆−3A =
1
3!
∂θα∂θβ{θα, θβ, A}1. (2.7)
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For the operator ∆−3 (1.4) there exists the following “Leibniz rule” with respect to the
odd Nambu bracket composition:
∆−3({A,B,C}1) = − {∆−3A,B,C}1 + (−1)
p(A){A,∆−3B,C}1
− (−1)p(A)+p(B){A,B,∆−3C}1
+ ǫαβγ
[
(−1)p(A)+1∆
(
∂θαA, ∂θβB
)
∂θγC
+ (−1)p(A)+p(B)∂θαA∆
(
∂θβB, ∂θγC
)
+ (−1)p(A)p(B)+1∂θβB∆
(
∂θαA, ∂θγC
)]
. (2.8)
It follows from the expression (2.4) the Grassmann parity
p({A,B,C}1) = p(A) + p(B) + p(C) + 1 (mod 2), (2.9)
symmetry properties
{A,B,C}1 = −(−1)
[p(A)+1][p(B)+1]{B,A,C}1 = −(−1)
[p(B)+1][p(C)+1]{A,C,B}1 (2.10)
and Jacobi type identity for the odd Nambu bracket
{{A,B,C}1,D,E}1 + (−1)
[p(A)+1][p(B)+p(C)+p(D)+p(E)]{{B,C,D}1, E,A}1
+ (−1)[p(A)+p(B)][p(C)+p(D)+p(E)+1]{{C,D,E}1, A,B}1
+ (−1)[p(D)+p(E)][p(A)+p(B)+p(C)+1]{{D,E,A}1, B,C}1
+ (−1)[p(E)+1][p(A)+p(B)+p(C)+p(D)]{{E,A,B}1, C,D}1
+ (−1)[p(D)+p(E)][p(A)+p(B)+p(C)+1]+p(B)[p(A)+1]+p(A)
× {{D,E,B}1, A,C}1
+ (−1)[p(D)+1][p(A)+p(B)+p(C)]+p(D){{D,A,B}1, C,E}1
+ (−1)[p(A)+1][p(B)+p(C)+p(D)+p(E)]+[p(D)+1]p(E)+p(D)
× {{B,C,E}1,D,A}1
+ (−1)[p(B)+1][p(C)+p(D)+p(E)]+p(B){{A,C,D}1, E,B}1
+ (−1)[p(B)+1][p(C)+p(D)+p(E)+1]+[p(D)+1][p(E)+1]
× {{A,C,E}1,D,B}1 = 0. (2.11)
Note that the structure of (2.11) is different from the one for the fundamental identity [8].
3. Conclusion
Thus, we constructed the Grassmann-odd Nambu bracket on the Grassmann algebra. The
main properties of this bracket are also given.
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